Why do we celebrate the birth of Jesus on December 25?
No one knows the real birthday of Jesus.
The birth of Jesus probably didn't happen in the year 1 but slightly earlier, somewhere between 2 BC and 7 BC, possibly in 4 BC.
The first 'official' recorded date of Christmas being celebrated on December 25th was in 336 AD, during the time of the Roman Emperor Constantine but it was not an official Roman state festival at that time.
One very early Christian tradition said that the day when Mary was told by the angel that she was going to give birth to  Jesus (called the Annunciation) was on March 25th. Nine months after the 25th March is the 25th December. Hence that date. December 25 was first identified as the date of Jesus’ birth by Sextus Julius Africanus in 221 and later became the universally accepted date.
Some sources suggest that we took over a pagan ceremony to make Christmas on that date.
1. That we overlaid on top of the winter solstice celebration:
2. That we over laid our celebration on the Roman Festival of Saturnalia which took place between December 17th and 23rd and honoured the Roman god Saturn. 
3. That we overlaid our celebration over the birth of the pagan god Nimrod.
We recognise that Jesus was not born on 25 December but it has traditionally for the last 1700 years been that that is the date in which we celebrate the birth of Jesus.
Let me give you an example.  I was born on 19 January. I am not alone in being born on that day: Dōgen, Japanese Buddhist priest and founder of the Sōtō school of Zen, the singer Dolly Parton, the writer Edgar Allan Poe, the Confederate general Robert E Lee, the singer Janis Joplin, the singer/actor in the Phantom of the Opera Michael Crawford, Jenson Button Formula 1 driver, and John Gommans (a school friend of mine) are born the same day yet I do not celebrate their birthdays on 19 January, but my birthday and my family and friends celebrate my birthday on that date.
Every year we have a holiday called the Kings’ Birthday (it used to be Queens birthday) to celebrate the birth of our monarch on the first Monday in June. But that is not the date of King Charles’ birth, nor is it the birthdate of his mother Queen Elizabeth or grandfather.  It is closest to the birthday of Queen Victoria who died in 1901 and was born on 24 May. Yet we celebrate it on that movable date.
On 25 December, we do not celebrate the winter solstice, nor the god Saturnalia, nor the god Nimrod but we celebrate the birth of Jesus 
For me, it is not that the date that is important. It is the fact that we celebrate and remember the birth of Jesus Christ our saviour and we do it every year.
